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LOCALIZATION PRINCIPLE FOR COMPACT HANKEL 

OPERATORS 


ALEXANDER PUSHNITSKI AND DMITRI YAFAEV 

Abstract. In the power scale, the asymptotic behavior of the singular values 
of a compact Hankel operator is determined by the behavior of the symbol in 
a neighborhood of its singular support. In this paper, we discuss the localiza¬ 
tion principle which says that the contributions of disjoint parts of the singular 
support of the symbol to the asymptotic behavior of the singular values are 
independent of each other. We apply this principle to Hankel integral operators 
and to infinite Hankel matrices. In both cases, we describe a wide class of Hankel 
operators with power-like asymptotics of singular values. The leading term of 
this asymptotics is found explicitly. 


1. Introduction and main results 

1.1. Hankel operators on the unit circle. Hankel operators admit various 
unitarily equivalent descriptions. We start by recalling the definition of Hankel 
operators on the Hardy class if^(T). Here T is the unit circle in the complex plane, 
equipped with the normalized Lebesgue measure dm{fi) = ( 27 rz/i)“^(i/t, /t G T; the 
Hardy class R^(T) C L^(T) is defined in the standard way as the subspace of 
L^(T) spanned by the functions 1, /i,.... Let P+ : L^(T) — H^{T) be the 
orthogonal projection onto R^(T), and let W be the involution in L^(T) defined 
by (W/)(/i) = /(/x). For a function oj E L°°(T), which is called a symbol in this 
context, the Hankel operator H{u) is defined by the relation 

H{oj)f = P+{uWf). (1.1) 

Background information on the theory of Hankel operators can be found e.g. in 
the books 

Recall that the singular values of a compact operator H are defined by the 
relation Sn{H) = A„(|R|), where {A„(|R|)}^i is the non-increasing sequence of 
eigenvalues of the compact positive operator \H\ = \/H*H (enumerated with 
multiplicities taken into account). The study of singular values of compact Hankel 
operators has a long history and is linked to rational approximation, control theory 
and other subjects, see, e.g. [7]. In fact, this paper is in part motivated by its 
applications in na to the rational approximation of functions with logarithmic 
singularities. 
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Singular values Sn{H{u)) of a Hankel operator with a symbol u G decay 

faster than any power of n~^ as n —)■ oo. On the other hand, singularities of u 
generate a slower decay of singular values. Here we will be interested in the case 
when the singular values behave as some power of n~^. Optimal upper estimates 
on singular values of Hankel operators are due to V. Peller, see [71 Section 6.4], He 
found necessary and sufficient conditions on u for the estimate 

Sn{H{oi})) < Cn~‘^ 

for some a > 0. These conditions are stated in terms of the Besov-Lorentz classes. 

It is natural to expect that the asymptotic behavior of singular values is deter¬ 
mined by the behavior of the symbol a; in a neighborhood of its singular support. 
We justify this thesis and show that the contributions of the disjoint components 
of the singular support of u to the asymptotics of the singular values of H{u) 
are independent of each other. We use the term “localization principle” for this 
fact. This principle is well understood in the context of the study of the essential 
spectrum [8] and of the absolutely continuous spectrum |1] of non-compact Hankel 
operators. Our aim here is to bring this principle to the fore in the question of the 
asymptotics of singular values of compact Hankel operators. 

In our applications the singular support of oj consists of a finite number of 
points. We use the results of our previous publication [TT] (where the history of the 
problem is described) on the asymptotic behavior of eigenvalues of certain classes 
of self-adjoint Hankel operators. The localization principle allows us to combine the 
contributions of different singular points and thus to determine the asymptotics 
of singular values for a wider (compared to [TT]) class of Hankel operators. In 
particular, for Hankel matrices with oscillating matrix elements we show that the 
contributions of different oscillating terms to the asymptotics of singular values 
are independent of each other. We also establish similar results for Hankel integral 
operators whose integral kernels have a singularity at some hnite point to > 0 and 
several oscillating terms at inhnity. 

1.2. Localization principle. Recall that the singular support singsuppo; of a 
function uj G L°°(T) is defined as the smallest closed set W C T such that oj G 
C'°°(T \ X). Localization principle for Hankel operators fll.ip is stated as follows. 

Theorem 1.1. Let oji,oj 2 ,... ,ojl be bounded functions on T such that 

sing supp oji n sing supp ooj = 0, I j. (1.2) 

Set OJ = ui + ■ ■ ■ + ul- Then for all p > 0 we have the relations 

L 

limsup ns„(iT(a;))^ < limsup nSnjH, (1.3) 

n^oct n—>-oo 

L 

lim inf ns„(iT(a;))^ > liminf ?7,Sn(if(a;£))^. 

n—^oo ' ^ n—^oo 

i=l 


(1.4) 
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In particular, 

L 

lim nSn{H{u:)Y = lim nSn{H{u:i)Y (1-5) 

n—)-co f ^ n^oo 

i=l 

provided that all limits in the right-hand side exist. 

In applications, the upper and lower limits in this theorem usually coincide. 
However, we prefer to work with these limits separately because it is more general 
and, at the same time, it is technically more convenient. 

1.3. Discussion. Theorem 11.11 can be equivalently stated in terms of the count¬ 
ing functions. For a compact operator H, the singular value counting function is 
dehned by 

n{e] H) = i^{n : Sn{II) > e}, £ > 0. (1.6) 

We have 

lim sup = limsup if) 

n^oo e—^0 

and similarly for the lower limits. Thus, focussing for simplicity on the case when 
the limits in the right hand side exist and are hnite, we can rewrite jrsii as 

L 

n{e-,H{u)) = '^n{e-,H{ui)) + o{e~Y, £-t 0. (1.7) 

e=i 

Our proof of Theorem 11.11 consists of two steps. The hrst one is to check that 
under the assumption fll.2p the operators H{uj() are asymptotically orthogonal in 
the sense that for all j Y ^ all a > 0 we have 

SniH{uJiYH{uj)) = Oin-Y, SniH{ue)H{uY*) = n ^ oo. (1.8) 

This result follows from the reduction of the products of Hankel operators in fll.Sp 
to integral operators in L^(T) with smooth kernels. 

The second step is to show that fll.Sp implies relations fll.31) and fll.4p . This fact 
is not specihc for Hankel operators. In order to get some intuition into its proof, 
let us suppose for a moment that the operators H{u:i) are pairwise orthogonal in 
the sense that 

H{ujjYH{uJe) = 0 and H{ujj)H{ueY = 0, Vj Y (1-9) 

Then 

Ran H{u}j) T Ran H{uj£) and Ranii(a;j)* T Ran H{uY*, Vj Y 

Thus, representing the sum Hipj) = H{uji) -1- • • ■ as a “block-diagonal” 

operator acting from (Bi^iRan H{ojY* to (Bf^iRanH(oji), we conclude that 

L 

n{e-, H{uj)) = ''^n{e-, H{u£)), Ve > 0. 

£=1 












4 


ALEXANDER PUSHNITSKI AND DMITRI YAEAEV 


Of course, the orthogonality condition fll.9|) is too strong. In fact, an operator 
theoretic result. Theorem 12.21 shows that the asymptotic orthogonality fll.Sp with 
a > 2/p ensures the relation fll.7p . 

Representing Hankel operators in the basis in H‘^(T), one obtains the 

class of infinite Hankel matrices of the form {h{j + in the space 

We give an application of the localization principle to such Hankel matrices in 
Theorem 13.11 Although the localization principle in the form stated above (Theo¬ 
rem II.ip is quite natural, this application looks far less obvious. 

Theorem o can be equivalently stated (see Theorem 12.61) in terms of Hankel 
operators H(ct;) acting in the Hardy space if^(R) of functions analytic in the upper 
half-plane. In this case the symbol u:{x) is a function of x G M. This leads to new 
results for Hankel operators dehned as integral operators in the space L^(M+). 

We will refer to the Hankel operators in if^(T) and in £^(Z+) as to the discrete 
case, and to the Hankel operators in and in L^(M_|_) as to the continuous 

case. We will use boldface font for objects associated with the continuous case. 
We have tried to make exposition in the discrete and continuous cases parallel as 
much as possible. 


1.4. Related work. Recall that for a bounded operator H, the non-zero parts of 
the operators 


H 

0 



and 




are unitarily equivalent. Therefore various spectral results for \H{u) \ are equivalent 
to those for the self-adjoint Hankel operator with the matrix valued symbol 



0 )' 


In particular, the study of the singular values of H{u) is equivalent to the study 
of the eigenvalues of the Hankel operator with the symbol H(/i). 

Some forms of localization principle are known in the study of the continuous 
spectrum of \H{u)\. As far as we are aware, the idea of separation of singularities 
of the symbol goes back to the work [S] of S. R. Power on the essential spectrum 
speCggg of Hankel operators with piecewise continuous symbols u. Let aj G T be 
the points where u has the jumps 




lim a;(a,e*^) — lim ujlajC 7 ^ 0 . 
£^+o £^+o 


Although Power was interested in the essential spectrum of (which we do 

not discuss here), it follows from the matrix version of his results that 

speCess(l^(^^)l) = [0,M], M = |sup|x(aj)l> 

Oj-eT 

where the supremum is taken over all points Uj where u has a jump. 


( 1 . 10 ) 
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A description of the absolutely continuous spectrum of \H{u)\ with piecewise 
continuous symbol u follows from the matrix version of the results of Howland 
|1], where the trace class method of scattering theory was used. This question 
was also studied in our previous paper [9] by using the so-called smooth method of 
scattering theory. In both cases, under some mild additional assumptions, including 
the condition that u has finitely many jumps, it can be shown that 

specac(|hr(a;)|) = (J [0, i|x(aj)|]. (1.11) 

a^ST 

Every term in the right-hand side of flLllj) gives its own band of the absolutely 
continuous spectrum of multiplicity one. Thus, formula fll.lip can be regarded as 
the continuous spectrum analogue of the localisation principle discussed in this 
paper: the contributions of different jumps of oj to speCa^j,(|if(a;)|) are independent 
of each other. Of course, formulas fll.lOp and fll.lip are consistent with each other. 


1.5. The structure of the paper. In Section [2] we prove the localization prin¬ 
ciple in the discrete case (Theorem II.ip and also state and prove its analogue in 
the continuous case fTheorem 12.6 p . In Section [3l we describe the applications of 
localization principle to the Hankel operators acting in f'^(Z_|_). The main result 
is stated as Theorem 13.11 and its proof is given in Section 01 In Section 0] we give 
applications to integral Hankel operators in L^(R_|_). The main result is stated as 
Theorem 15.11 and its proof is given in Section El In Section [7] we consider integral 
Hankel operators whose kernels have local singularities in M+. 


1.6. Some notation. For u G L^(T), the Fourier coefficients of u are denoted as 
usual by 


^(j) 




j G Z. 


We will consistently make use of the following constant, which appears in our 
asymptotic formulas: 


v[a 


= 2"“7r^"^" 


a>0; 


( 1 . 12 ) 


here H(-, •) is the Beta function. We make a standing assumption that the expo¬ 
nents p > 0 and a > 0 are related by a = 1/p. 


2. Proof of localization principle 

In this section, we prove Theorem ll.ll as well as a similar statement, Theorem l2.6[ 
for Hankel operators in the Hardy space W^(R) of functions analytic in the upper 
half-plane. 
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2.1. Preliminaries. Let B be the algebra of bounded operators in a Hilbert space 
H, and let Soo be the ideal of compact operators in B. For p > 0, the weak Schatten 
class Sp^oo consists of all compact operators A such that 

sup< oo. 

n 

The subclass 8 ° C Sp^oo is dehned by the condition 

lim nSn{AY = 0 . 

n^oo 

It is well known that both Sp^oo and 8 ° are ideals of B; in particular, they are 
linear spaces. Of course A G 8 p^oo (or A G 8 ° if and only if the same is true for 
its adjoint A*. We set 8 o = np>o 8 p^oo, that is, 

H G 8 o -v^ n ^ oo, Va > 0. (2.1) 

First we recall a classical result in perturbation theory (see e.g. [U Theorem 
11 . 6 . 8 ]) on the spectral stability of singular values. 

Lemma 2.1. Let A G 8oo and B G 8° ^^ for some p > 0. Then 

hmsupnSn(H + By = hmsupns„,(H)^, ( 2 . 2 ) 

n^oo n—^oo 

lim inf nSn{A + By = lim inf nSn{Ay. (2.3) 

n^oo n^oo 

Lemma [2.II is stated in a slightly more general form than usual (see, e.g.. Theo¬ 
rem 11.6.8 in PP) because we do not require that A G 8 p^oo and hence the limits in 
fl 2 . 2 p and fl2.3p may be inhnite; in this case Lemma 12.11 means that both sides in 
fl2.2p and fl2.3p are inhnite simultaneously. Note that if H ^ 8 p,oo, then the expres¬ 
sion fl2.2p is inhnite, but the expression fl2.3p may be hnite. Lemma 12.11 can also 
be equivalently stated in terms of the singular value counting functions n{e, A) 
dehned by 01.61) . 


2.2. Asymptotically orthogonal operators. Note the implication 

A G 8 p^oo, B G 8 p^oo A*B G 8 p/ 2 ,oo; AB* G 8 p/ 2 ,oo (2-4) 

(see, e.g. [U Theorem 11.6.9]). We say that the operators A and B in 8 p^oo are 
asymptotically orthogonal if the class 8 p/ 2 ,oo in the right side of 02 .4p can be re¬ 
placed by its snbclass 8°^2 oo- following theorem allows us to study singular 
values of sums of asymptotically orthogonal operators. This result is the key op¬ 
erator theoretic ingredient of our construction. 


Theorem 2.2. Let p > 0. Assume that Ai,... ,Al E 8 oo and 


4* 4 . c cO 

fc ^p/2,oo5 


G 8°/2,, 


for all i y j. 


(2.5) 
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Then for A = Ai + ■■■ + A^, we have 


limsupns„(74)^ < limsup nSnjAiY, 

n—^oo n—^cx> 

L 

lim inf ns„(74)^ > liminf ns„(74£)^. 

n — f ^ 71— 


( 2 . 6 ) 

(2.7) 


e=i 


In particular, 


lim nSn{AY = \ lim nSniAif 

n. —^r>r) • ^ n .—^rvo 


1=1 


provided that all limits in the right-hand side exist. 

Proof. Let us prove the first relation (12.6^ : the second one is proven in the same 
way. We argue in terms of counting functions fll.hp . For an operator A G Soo, let 
us denote 

IS.p{A) = limsup A) 

£—^0 


(this limit may be infinite). Then our aim is to prove that 

L 

Ap(2l) < J]Ap(21,). 


( 2 . 8 ) 


1=1 


which is fl2.6p in different notation. Put 

= n 


H 


L terms 

and let Aq = diagl^di,..., Al] in PL^, i.e., 

^o(/i, ■ ■ ■ ifh) = {Aifi, ..., AifL)- 

Since 

AlAo = Aia.g{A\Ar,...,AlAL], 

we see that 


(2.9) 


n{e]Ao) = ^n{e-,Ae 


e=i 


and therefore, multiplying by taking limsup as e —)• 0 and using the subad¬ 
ditivity of limsup, we obtain 

L L 

^p/2{AIAq) < A^pI2{AIAi) = Ap(y4£). 


^=l 


£=1 


Next, let J : Pi^ Pi he the operator given by 

JUh ■ ■ ■, /l) = /i H- 'r fn so that J* f = (/,..., /). 


( 2 . 10 ) 
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Then 

• • •, /l) = ^i/i + • • • + Al/l 

and 

{JAorf = {Alf,...,Alf). 

It follows that 

{JA,){JA,yf = (AliAlt + • • • + Ai^ADf (2.11) 

and the operator {JAq)*{JAq) is a “matrix” in given by 


{JAoYiJAy 


/A*Ai 

A*A2 . 

• AIAl\ 


A;Ai 

A*A2 . 

. AIAl 

(2A2) 


AIA 2 . 

• aiaJ 



According to fl2.9h and fl2.12p we have 

(JAo)*(JAo)-A*AoGSJ/2,oo- (2.13) 


Indeed, the “matrix” of the operator in fl2.13p has zeros on the diagonal, and its 
off-diagonal elements are given by A*^Aj, i Y j. Thns fl2.13p follows from the hrst 
assnmption fl2.5p . Therefore Lemma [2.11 implies that 


AqY {J Aq)) — Ap/2(AoAo) 


or 

Aq){J AqY) = Ap/2(^o^o) (2.14) 

becanse for any compact operator T the non-zero singnlar valnes of T*T and TT* 
coincide. 

Fnrther, since AA* = J2fj=iA£AY it follows from fl2.1ip and the second as¬ 
snmption fl2.5p that 

AA- - (JA„)(JA„)- = 5^ A,A- e 

Using again Lemma 12.11 from here we obtain 

Ap(A) = Ap/2(AA*) = ^,/Y{JAY{JAY*). 

Combining the last eqnality with fl2.14p . we see that Ap(A) = Ap/ 2 (AqAo). Thus 
fl2.10p yields the relation fl2.8p . □ 

Under slightly more restrictive assumptions Theorem 12.21 appeared hrst in [21 
Theorem 3]. Our proof is quite different from that of [2]. 

Remark 2.3. Let us mention two known statements that are similar in spirit to 
Theorem 12.21 Below Ai,..., are bounded operators and A = Ai A^. 
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(i) If the products A'^Aj, A^A* are compact for all j 7 ^ then for the essential 
spectra of A one has the formula 


L 

speCg,3(A) U {0} = IJ speCg,,(A^), 

i=i 

see, e.g. [71 Section 10.1]. 

(ii) If Ai,... ,Al are self-adjoint operators such that A^Aj are trace class for 
all j 7 ^ £, then the absolutely continuous part of A is unitarily equivalent to the 
orthogonal sum of the absolutely continuous parts of the operators Ai. This is 
known as Ismagilov’s theorem, see [5]. 


2.3. Proof of localization principle for Hankel operators in First 

we state two well-known facts that will be needed for the proof of Theorem 11.11 
given at the end of the subsection. 

We recall that the Hankel operators E(lS) are dehned by fll.ll) : the class Sn is 
dehned by fl 2 dD . 


Lemma 2.4. (i) Let K he an integral operator in L^(T) with an integral kernel 

of the class C°°(T x T). Then K E Sq. 

(ii) Let u) G C°°(T); then H{uj) G Sq. 


Proof. Part (i) is a classical fact; it can be obtained, for example, by approxi¬ 
mating the integral kernel of K by trigonometric polynomials. This yields a fast 
approximation of K by hnite rank operators. 

Part (ii) is also well-known; let us show that it follows from part (i). It will be 
convenient to consider the projection P+ here as an operator acting from Lf{T) 
to LfiT) (rather than from LfiT) to H‘^{T)). Recall that P+ acts according to the 
formula 


(^+/)(h) = lim 

£^> + 0 


/(hO 


h' - (1 - e)/I 


/i'(im(/i'). 


and that W is the involution {Wf){p) = /(/l). We have to prove that the 
P+ojWPj^ in L^(T) belongs to the class Sq. Since P+IFP+ is a rank one 
(projection onto constants), it suffices to check that 


(2.15) 

operator 

operator 


P+UWP+ - UP+WP+ = [P+, u]WP+ G So. (2.16) 

It follows from fl2.15p that the commutator [P^,u] is an integral operator in L^(T) 


with the kernel 


-yu', yU, y(i' G T. 


pi' — pi 

This is a C°° function, and so [P+,a;] G Sq which implies fl2.16p . 


□ 


The following assertion allows us to separate the contributions of different sin¬ 
gularities of the symbol. Essentially, this is a very well known argument, see, e.g. 
0 . 
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Lemma 2.5. Let Ui,U 2 G L°°(T) be such that singsuppcoi fl singsupp 012 = 0. 
Then 


H{oji)*H{ oj 2 ) G So, H{oji)H{oj 2 )* G Sq. 

Proof. Let xi, X 2 be real functions in with disjoint supports such that 

(1 — Xk)ujk G C'°°(T), A; = 1, 2. 

By Leninia [2.4r ii). we have 


- Xk)uk) G So, 

and hence it suffices to show that 


H[xiOJi)*H[X2UJ2) G So, H[xiOJi)H[X2OJ2)* G So- (2.17) 

It follows from dehnition fll.ip that 

H{xiUJiyH{x2UJ2)f = P+WuJi{xiP+X2)u:2Wf, f G H^T). 

Since the supports of xi and X 2 are disjoint, the operator X 1 P+X 2 has a smooth 
integral kernel 


Xi{fi)x2{ll') 
/i' -/i 




/i, fi' G T, 


and so by Lemma 12^ 11 it belongs to the class So- This ensures the hrst inclusion 
in fl2.17p . In view of the obvious identity 

H{uj)* = H{ujyj where 

the second inclusion 02.171) follows from the hrst one. □ 


Proof of Theorem \1.1[ Let us apply the abstract Theorem 12.21 to the Hankel op¬ 
erators Ai = i = 1,..., L. Lemma [2.51 implies that the asymptotic orthog¬ 

onality condition 02.5|) is satished. Therefore the asymptotic relations 01.3p and 
01.41) follow directly from 02.61) and 02.71) . □ 


2.4. Hankel operators in 77^(M). Hankel operators can also be dehned in the 
Hardy space 77^ (M) of functions analytic in the upper half-plane. We denote by $ 
the unitary Fourier transform on 

1 r°° 

u{t) = (<FM)(f) = J u{x)e~^^^dx. 

Let 77^ (M) C L^(M) be the Hardy class, 

772 (M) = {ue lyW) : u{t) = 0 for t < 0}, 

and let P+ : L^(M) —)■ 77^ (M) be the corresponding orthogonal projection. Let 
W be the involution in L^(R), (Wf){x) = f{—x). For u; G L°°(K), the operator 
H(a;) in 77^(M) is dehned by the formula 

H(a;)/ = P+(a;W/), / G 77^(M). 


(2.18) 
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There is a unitary equivalence between the Hankel operators H{u) dehned in 
by formula fll.ip and the Hankel operators H(a;) defined in by 

formula fl2.18l) . Indeed, let 


w = 


z — il2 
z + i/2 ’ 


il w 

z = - 

21-w 


(2.19) 


be the standard conformal map sending the upper half-plane onto the unit disc, 
and let U : —)■ be the corresponding unitary operator defined by 




1 1 r/ X-i/2 -. 

Va;+i/2 2’ 


(WH)(/i) 



2 l-fj,)- 


Then 

«//(!*,)«• = HH, if a,(n =(2.20) 

So the localization principle stated for H{oj) can be automatically mapped to 
operators H(ai). This is discussed below. 


2.5. Localization principle in Symbols uj{x) of Hankel operators H(ai) 

have the exceptional points x = -|-cx) and x = —oo] it will be convenient to identify 
these two points. The real line with such identihcation will be denoted M*. We write 
uj e C(M*) if LJ e C'(M) and 

lim Lo{x) = lim u}{x), 

X—^OO X—^ — OO 


where both limits are supposed to exist. Similarly, we write lo G if oi G 

and, for all m = 0,1,..., 

lim = lim (2.21) 

x^oo x^—oo 

In particular, the point x = oo belongs to the singular support of lc if for at least 
one m > 0 the relation fl2.2ip fails (i.e. if either at least one of the limits does not 
exist or the limits are not equal). 

Let us state the localization principle for Hankel operators in iL^(M). 
Theorem 2.6. Let G L°°(R), i = 1,..., L < oo, be such that 
sing supp u)i n sing supp ujj = 0, i ^ j. 

Set UJ = LOi + ■ ■ ■ + ujl. Then for all p > 0 we have the relations 

L 

limsupns„(H(a;))^ < limsup ns„(H(ai£))^, 

n—>-oo n—>-oo 

L 

lim inf ?T,s„(H(a;))^ > liminf ns„(H(Li;£))^. 

n—^oo ' ^ n^oo 

i=l 
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Observe that formulas fl2.19p establish a one-to-one correspondence between the 
unit circle T and the real axis M* with the points x = -1-cxo and x = —oo identified. 
They yield also the one-to-one correspondence between the singular supports of 
the symbols a;(/i) and uj(x) linked by equality 02.201) . Thus, Theorem 12. 6 1 is a direct 
consequence of Theorem 11.11 

3. Applications of localization principle: discrete case 

3.1. Discrete representation. For a sequence of complex numbers, 

the Hankel operator r(h) in the space is formally defined by the “inhnite 

matrix” {h(j-h/c)}^fc=o- 

OO 

(r(h)u)(j) = '^h(j + k)u(k), u = {u(k)}Zo- (3.1) 

k=0 

The Hankel operators r(h) in £^(Z_|_) and ff(uj) in are related as follows. 

Let 

be the discrete Fourier transform. Then the matrix elements of H(cli) in the or¬ 
thonormal basis 

= u(j + k), j,k> 0, 

so that 

Tih)=TH{u)T* if uij) = hij), j>0. (3.2) 

Since fl3.2|) involves only the coefficients with j > 0, for a given sequence h the 
symbol oj is not uniquely defined. 

3.2. Plan of the approach. In our previous publication m we considered com¬ 
pact self-adjoint Hankel operators, corresponding to sequences of real numbers of 
the type 

q{i) = j“^(logj)““ -|- error term, j —)■ oo, (3.3) 

where a > 0. Under the appropriate assumptions on the error term, we proved in 
m that the positive eigenvalues of the Hankel operator F(g) have the asymptotics 

A^(F(g)) = n(Q;)?7,“"-1-o(?7,““), n —)■ oo, 

where the coefficient v{a) is dehned in fll.l2p . For negative eigenvalues, we have 
X~{T{q)) = o{n~°‘) as n —)■ oo. 

In our analysis was based on the asymptotic form 03.31) and did not involve 
symbols directly. In this paper, we check (this is an easy calculation, see Lemma 
below) that if q{j) = j~^(logj)~°‘, then a symbol a of F(g) can be chosen such 
that sing supper = {1}. 
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Theorem 11.11 allows us to find the asymptotics of singular values for more general 
“oscillating” sequences of the type 

L 

h{j) = bij ^(logj) ^ + error term, j —)■ oo, (3.4) 

e=i 

where Ci, • • •, Cl ^ T cire distinct points and hi,... ,hL G C are arbitrary coeffi¬ 
cients. It is easy to see that the symbol corresponding to the £’th term in 03.41) 
equals hia{^/(i). Hence its singular support consists of one point {C^}, and so we 
are in the situation described by the localization principle for p = 1/a. The er¬ 
ror term in 03.4p is treated by using the estimates from [10] on singular values of 
Hankel operators. 

Notice that the operators r(h) corresponding to sequences h of the class 03.41) 
are in general not self-adjoint. We have information about the asymptotics of their 
singular values, but not of their eigenvalues. 


3.3. Main result in the discrete case. In order to state our requirements on 
the error term in 03.4p . we need some notation. Let 


M(a) 


[a] + 1, if a > 1/2, 
0, if a < 1/2, 


(3.5) 


where [a] is the integer part of a. For a sequence h = {h{j)}'^Q, we define itera¬ 
tively the sequences m = 0,1, 2,..., by setting = h{j) 

and 

+ j>0. (3.6) 

Note that if h{j) = j“^(Iogj)“" for sufficiently large j, then for all m > 1 the 
sequences satisfy 

= 0(j-'-™(logjr“), J ^ oo. (3.7) 


Now we are in a position to state precisely our result on Hankel operators with 
matrix elements 03.41) . 


Theorem 3.1. Let a > 0, let (i,... ,(l G T be distinct numbers, and let 
hi,... ,hL G C. Let h be a sequence of eomplex numbers such that 

L 

h{j) = j > 2, (3.8) 

e=i 

where the error terms ge, £ = 1,..., L, satisfy the estimates 

g'r\]) = o(j"'“’”(iogi)“"). ] -g (3.9) 

for all m = 11,1,..., M[a) {M{a) is given by 03.51) 1. Then the singular values of 
the Hankel operator V{h) defined mf'^(Z+) by formula 03.ip satisfy the asymptotic 
relation 


s„(r(h)) = cn “ o{n “), 


n ^ oo. 


(3.10) 
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where 

L 

c = (3.11) 

i=l 

and the coefficient v(a) is given by formula fll.l2p . 

This result means that asymptotically the singular value counting function of 
the operator r(h) is the sum of such functions for every term in the right-hand 
side of fl3.8p . 

4. Proof of Theorem 13.11 

4.1. Singular value estimates and asymptotics. We need two results obtained 
in our papers mm- Let M{a) be as in 03.51) . 

Theorem 4.1. m Theorem 2.3] Suppose that a sequence g satisfies 

= o(j-'-"^(logjr“), J ^ oo, (4.1) 

for some a > 0 and for all m = 0,1,, M{a). Then 

Sn(r( 5 ')) = o(n""), n^oo. (4.2) 

In [To] we also have a result with O instead of o in both 04.ip and 04.2p . but we 
do not use it in this paper. Observe that for a < 1/2 we need only the estimate 
on g, whereas for a > 1/2 we also need estimates on the iterated differences g^'^f 

Theorem 4.2. [HI Theorem 1.1] Let a > 0, and let the “model sequence” q be 
defined by 

g(j) (4-3) 

for all sufficiently large j {the values q{j) for any finite number of j are unimpor¬ 
tant). Then 

Sn{T{q)) = v{a)n~°'o{n~°‘), n —)■ oo. 

Of course, this result corresponds to a particular case of Theorem l3.1l with L = 1, 

Cl = 1; ^1 = 1- 

4.2. The model symbol. In order to combine the contributions of different terms 
in 03.8p . we use the localization principle (i.e. Theorem II.ip . To that end, we have 
to identify the singular support of the symbol corresponding to the model sequence 
04.31) : we suppose that 04. 3 p is true for all j > 2 and put q{0) = g(l) = 0. We need 
to hnd a function a such that its Fourier coefficients a{j) = q{j) for j > 0. Of 
course, the choice of a is not unique. We will choose a corresponding to the odd 
extension of the sequence q{j) to the negative j. 

Lemma 4.3. Let a > 0, and let q be given by 04.3p .' set 

OO 

= /^eT. 


(4.4) 
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Then a G L°°(T) and a G C°°(T \ {1}). 

Proof. Note that for all /i G T, the series fl4.4p converges absolutely if a > 1 and 
conditionally if a < 1 . 

First, we check that a G L°°(T). We write /i = e*®, 9 G (— 7 r, 7 r]. For 6 * 7 ^ 0, we 
set N = [(216*1)“^] and write a = ai + a 2 , where 

N 00 

= -T^), (^2(h) = -T^)- (4.5) 

j =2 j=N+l 

We consider these two functions separately. Using the bounds q{j) < (log2)“^j“^ 
and 

l/i^ - 71^1 = 2|sin(j0)| < 2j\9\, 


we obtain the estimate 


N 

WM\ < 2|0| < 2(log2)"^|0|iV < (log2)"b 

i=2 

In order to estimate (72, let us use summation by parts: 




j=N+l 


j=N+l 


where q^^\j) is dehned by 
hence 


= - (4.6) 

j=N+l 

By fl3.7p . we have j —)■ 00 , and 


j=N+l 


<Ci{ r^ + N-^) < c2n-\ 

j=N+l 


In view of dehnition fl4.5p . it follows that 


W2{p)\ < 2 




j=N+l 


< 


2Co 


2Co 


iV|p-l| [(2|0|)-i]|e*^-l| 


< C. 


Thus (72 G L°°(T). 

It remains to prove that cr G 0^(1 \ {!}) for any M G N. Choose /i G T and 
put a{j) = /lU then, by dehnition fl3.6p . = (/i — Similarly to 
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fl4.6p . by a repeated summation by parts procedure, we obtain the identity 

CXD OO 

(^ _ 1)M+. ^ ^ ,(j)a<"+‘)(j) 

OO 

= (4.7) 

1=2 

with some polynomial pm- Since, by fl3.7p . as j —)■ cx) and 

a(j) = , the function of p in the right-hand side of fl4.7p is in {T). It follows 

that a e C^(T \ {!}) and hence a G C'°°(T \ {!}). □ 

Remark 4.4. (i) Of course, the singular support of a is non-empty, that is, 1 G 
sing supper. In fact, it can be verified that 

cr(e*®) = 7risign6'|log|6'||““(l -|- o(l)), 0 —)■ 0. 

(ii) If a > 1, then instead of the odd extension of q{j) to the negative j, one 
can extend it by zero, i.e. one can choose 

OO 

1=2 

This doesn’t work for a < 1 since a(/i) is unbounded as /x ^ 1 in this case. 

According to definition fl4.4p . we have a{j) = q{j) for all j > 0. Hence, it follows 
from relation fl3.2p that the operators H{a) and T{q) are unitarily equivalent. So 
the next assertion is a direct consequence of Theorem 14.21 

Theorem 4.5. Let the function cr(/x) be defined by formula fl4.4p where q{j) are 
given by (O and a > 0. Then the following asymptotic relation holds true: 

Sn{H{a)) = v{a)n~°'-\-o{n~^), n —)■ cx). 

4.3. Rotation of the symbol. For a parameter G T, let be the “rotation 
by C” operator: 

{R^f){p) = f{p/C). 

Obviously, is a unitary operator in L^(T) and in Similarly, let be the 

multiplication by 

(VcM)(j) = C^u{j). 

Obviously, is a unitary operator in and in 

Lemma 4.6. For arbitrary ( eT, we have the following statements: 

(i) If OJ E L°°(T), then 

H{R^u) = R^H{u)R^. 

In particular, if H (ai) is compact, then 

Sn{II{R(;U)) = SniII{u)), Vu > 1. 
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(ii) For any sequence h such that T{h) is bounded, we have 


T{V^h) = V^T{h)V^. 


In particular, ifT{h) is compact, then 


= Sn(r(/i)), Vn > 1. 


Proof. Since 

= F<^F+ and R(WRc^ = W, 

assertion (i) is a direct consequence of the definition fll.ip of the Hankel operator 
H{u). Assertion (ii) immediately follows from definition fld.ip . □ 


4.4. Putting things together. Let the symbol cr(/i) be defined by relation fl4.4p 
and let 

L 

= where = bia^fi/Q). (4.8) 

e=i 

According to Theorem 14.51 and Lemma I4.6f ii we have 

SniH{ue)) = \be\v{a)n~'^ + o(n"“), n ^ oo. 

It follows from Lemma 14731 that ui G L°°(T) and Ui G C°°(T \ Q). Since C 15 • • • 5 Cl 
are distinct points, the localisation principle (Theorem II.ip is applicable to the 
sum fl4.8p . This yields 

L L 

lim nSn{H{u}i^)y = lim nSn{H{ui)y = v{ayy^\bif, p = 1/a. (4.9) 

i=\ l=\ 

Note that, by the definition fl4.8p . 
and hence according to formula fl4.4p 

L 

j-^{\ogj)-^ =: \{j), j > 2. 
e=i 

Set ht,(0) = ht,(l) = 0. Since the operators and T{h\^) are unitarily equivalent, 

it follows from fl4.9p that 


L 

lim nSn{T{hf)Y = v{afy^}bif. 

n^oo ^ ^ 

i=l 

Next, we consider the error term 

L 

9{j) = '^Cr9i{j) 
e=i 


(4.10) 
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in fl3.8p . According to condition fl3.9p it follows from Theorem 14.II that Sn(r{gi)) = 
o{n~^) as n —)■ cxo. By Lemma IT^ iih we also have SniT^V^gi)) = o{n~°') and 
hence 

Sn(r( 5 f)) = o(n““) as n ^ oo. (4-11) 

Since 

r(h) = r(h^) + r(r?), 

we can use Lemma l2.ll with A = T{h\^) and B = T{g). The required relations 
fl3.10l) . fl3.1ip follow from fId.lOp and fid.lip . □ 

5. Applications of localization principle: continuous case 

5.1. Hankel operators in Integral Hankel operators r(h) in the space 

L^(R+) are defined by the relation 

poo 

(r(h)u)(f) = / h.{t + s)u{s)ds, u G (7^(1^+), (5.1) 

Jo 

where at least h G this function is called the kernel of the Hankel 

operator r(h). Under the assumptions on h below the operators r(h) are compact. 

Similarly to the discrete case, Hankel operators H(cl;) in the Hardy space 
are unitarily equivalent to integral operators r(h) in the space L^(R+): 

= r(h) if h(f) = for t > 0. (5.2) 

v 2?! 

The Fourier transform cj of a; G L°°(R) should in general be understood in the 
sense of distributions (for example, on the Schwartz class iS'(R)) and the precise 
meaning of fl5.2p is given by the equation 

(H(a;)<h*u, $*u) = (r(h)u, u), u G C'o°°(R+). 

A function ljj{x) satisfying fl5.2p is known as a symbol of the Hankel operator r(h). 

5.2. Main result in the continuous case. In the discrete case, the spectral 
asymptotics of r(h) is determined by the asymptotic behavior of the sequence h{j) 
as j —)■ oo. In the continuous case, the behavior of the kernel h(f) for t ^ oo and for 
f ^ 0 as well as the local singularities of h{t) at positive points t contribute to the 
spectral asymptotics of r(h). In the following result we exclude local singularities. 
We denote {x) = ■>/! + \x\^. 

Theorem 5.1. Let a > 0, let ai,... G R be distinct numbers and let 
bo, bi,..., b/, G C. Let the number M = M{a) he given by fl3.5p . Suppose that 
h G L5^^(R+) if a < 1/2 and h G C^(R+) if a> 1/2. Assume that 

L 

h(f) = ^(b£f^(logf)"“ + gK^))e"“''*, t > 2, (5.3) 

e=i 

h(i) = bo«“'(log(l/i))~“ + go(i). <£ 1/2, 


(5.4) 




















LOCALIZATION PRINCIPLE FOR COMPACT HANKEL OPERATORS 


19 


where the error terms g£ satisfy the estimates 

(log m = 0, (5.5) 

as t —)■ oo for i = 1,..., L and as t —)■ 0 for i = 0. Then the singular values of the 
integral Hankel operator r(h) in L^(M_|_) satisfy the asymptotic relation 

s„(r(h)) = c?T,““ + o(n“"), n —)■ oo, (5.6) 

where 

L 

c = !;(«)( (5.7) 

1=0 

and the coefficient v{a) is given by formula fll.l2p . 

The proof in the continuous case follows the same general outline as in the 
discrete case with the only difference that the singularity of the kernel h(t) at 
t = 0 has to be treated separately. It corresponds to the singularity of the symbol 
(jj{x) at inhnity. 

In Section [7] we consider kernels h(t) that have a singularity at some posi¬ 
tive point and admit representation 05.31) for large t. It turns out that, similarly 
to Theorem 15.11 the contributions of the singularities of these two types to the 
asymptotics of singular values are independent of each other. 

6. Proof of Theorem 15.11 

The proof of Theorem 15.11 follows the scheme of the proof of Theorem 13.11 The 
only new point is that now we have to additionally establish the correspondence 
between symbols singular at inhnity and kernels singular at f = 0. 

6.1. Singular value estimates and asymptotics. Let us state the analogues 
of Theorems 14.11 and 14.21 

Theorem 6.1. [IHl Theorem 2.8] Let a > 0, and let the number M = M{a) be 
given by fl3.5p . Suppose that g G L]^p(R+) if a < 1/2 and g G C^(M_|_) if a > 1/2. 
Assume that 

gM(^) ^ ^(^-i-m(iog^)-a) as t ^ 0 and as t ^ oo (6.1) 

for all m = 0,1,, M. Then 

s„(r(g)) = o(n""), n -)■ oo. (6.2) 

In [TU] we also have a result with O instead of o in fl6.ip and fl6.2p . although we 
will not need it in this paper. Observe that for a < 1/2 we need only the estimate 
on g, whereas for a > 1/2 we also need estimates on the derivatives g("*h 
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Next, we define model kernels qo, qoo- Choose some non-negative fnnctions 
XojXoo £ such that 

= 

for some 0 < Ci < C 2 < 1 and 1 < Ci < C 2 - 
Theorem 6.2. m Theorem 1.2] For a > 0, set 

qo(^) = Xo(^)^"^(log(lA))"“, qooW = Xoc{t)t~^{\ogt)~°‘, t > 0. (6.3) 

Then 

Sn(r(qo)) = n(a) n""o(n"“), s„(r(qoo)) = n(a) n"“-f o(n"“), n-)■ 00 . 

Of course, this result corresponds to particular cases of Theorem 15. II with L = 1, 
ai = 0, bo = 1, bi = 0 and bo = 0, bi = 1. 

6.2. Model symbols. In order to put together the contributions of different terms 
in fl5.3p and fl5.4p . we use the localization principle in the form of Theorem 12.61 To 
that end, we need to determine the singular supports of the symbols corresponding 
to the model kernels qo, qoo- Again, we will choose functions (Tq, cr^ whose Fourier 
transform coincides with the odd extension of qo, qoo to the real line. The proof 
below is very similar to that of Lemma 14.31 

Lemma 6.3. Let (Tq, cToo be defined by 

poo poo 

cro{x) = 2i / qo(t) sin(a;f)(it, (Tao{x) = 2i / q^oit) sm{xt)dt, x G M, (6.4) 
Jo Jo 

where qo(t) and qoo(t) are given by fl6.3p with a > 0. Then cro,croo G L°°(M) and 
CTO e C'°°(M), CToo G C'°°(M*\{0}). 

Proof. Note that for all x G M, the hrst integral in fl6.4p converges absolutely while 
the second one converges absolutely for a > 1 and conditionally for a < 1. 

Since the integral in the definition fl6.4p of ctq is taken over a hnite interval, 
we can differentiate this integral with respect to x arbitrary many times. Hence 
ctq G C°°(M). To prove that cr^ G C'°°(M* \ {0}), we integrate by parts 2M + 2 
times in the dehnition fl6.4p : 

poo 

cToo{x) = 2i{—l)^^^x~‘^^~'^ / sm{xt)dt. 

Jo 

Since = 0{\t\~‘^^~^) as |t| ^ 00 , we see that cToo G C™(M \ {0}) and 

^^^(x) —)■ 0 for m = 0,1,..., 2M -|- 1 as |x| —)■ 00 . Finally, we use that M is 
arbitrary. 


1 

for X 

< Cl, 

I ^ Jo 

for 

0 

for X 

> C2, 

Xoc(x) = ^ 

for 
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It remains to prove that the functions ctq and cr^ are bounded. Below k = 0 or 
K = oo. We may suppose that x > 0. Write cr^ = cr^ ^ where 




r*oo 


cr^^\x) = 2i / q«;(t) sin(xt)(it, = 2i / sm{xt)dt. 

Jo Jl/x 

Since |sin(xt)| < xt, for both functions ct^k^ we have the estimate 


^Ijx 


|crj:.^qx)| <2x qK{t)tdt < C 

Jo 

(‘ 2 '] 

because qK.(t)t are bounded functions. For crk , integrating by parts once, we get 

2i 2i 2i f°° 

cr^^Ux) = -/ qJ t) {cos( xt))'dt = —q^fl/xIcoslH-/ q^{t)cos{xt)dt. 

X Jl/x X X Jy^ 

The hrst term in the right-hand side is bounded because qK(t)t are bounded 
functions. The second term is also bounded because the functions q'^{t)t‘^ are 
bounded. □ 

Remark 6.4. (i) Of course the singular supports of ctq and cToo are non-empty 
sets in R*, that is, singsupp ctq = {oo} and singsupp (Too = {0}. In fact, it can be 
verihed that the symbols ctq, satisfy the asymptotics 

cro(x) = 7risignx|log|x||““(l -|- o(l)), x —>■ oo, 

<^oo(x) = 7risignx|log|x||““(l -|- o(l)), x —)■ 0. 

(ii) For some values of a, instead of the odd extension of qo(t) and qoo(^) to the 
negative t, one can extend them by zero, i.e. one can choose 

poo 

CTo(x) = / qo{t)e^^^dt, if a < 1, 

Jo 

poo 

CToo(a;) = / qoo(t)e“*dt, if a > 1, 

Jo 

instead of cro(x), croo(x), respectively. 

Recall that the Hankel operators in the Hardy space were defined by 

formula 02.1811 . The next assertion plays the role of Theorem 14.51 


Theorem 6.5. Let the functions ctq and cr^ be defined by formulas 06.4p where 
qo{t) and qoo(t) are given by 06.3|1 and a > 0. Then the following asymptotic 
relations hold true: 

Sn(H.{cro)) = v{a)n~°‘+ o{n~°‘), Sn(H.{croo)) = v{a)n~°‘ + n —)■ oo. 


Proof. Observe that 
1 




^o(t) = qo(t), 




S^oo(t) = qoo(t), t > 0, 


(6.5) 
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where the Fourier transform is understood in the class of distributions 
Indeed, the second equality flh.Sp follows directly from dehnition fl6.4p because 
qoo e In order to prove the hrst equality in fIb.Sp . we have to take into 

account that for a < 1 the function qo(t) is not integrable in a neighborhood of 
the point f = 0. Therefore we first extend qo by the formula 

poo 

Jo 

to the distribution G iS(R)'. According to the hrst formula in fl6.4p . the func¬ 
tion (27r)“^/^cro is the Fourier transform of Thus (27r)“^/^CTo(^) = 

which coincides with the hrst relation in 06.51) for f > 0. 

In view of relation 05.2p . it follows from 06.5p that 

$H(o-o)<F* = r(qo) and = r(qoo). 

Therefore we only have to use Theorem 16.21 to complete the proof. □ 

6.3. Shifts of symbols. For a parameter a G M, let Ra be the shift 

(Raf)(x) = f(x - a). 

Obviously, Ra is a unitary operator in L^(R) and if^(R). Of course, now Ra is 
not a rotation, but we keep the letter R in order to maintain the analogy between 
the discrete and continuous cases. 

Similarly, let Va be the multiplication operator 

(Vau)(t) = e"“*u(f), f > 0. 

Obviously, Va is a unitary operator in L^(R) and in L^(R_|_). 

Lemma 6.6. For arbitrary a G R, wie have the following statements: 

(i) For any u G L°°(R), we have 

H(RaU;) = RaH(u;)Ra. 

In particular, z/H(u;) is compact, then 

Sa(H(RaU;)) = Sa(H(a;)), Vn > 1. 

(ii) Suppose that r(h) is bounded; then 

r(Vah) = Var(h)Va. 

In particular, ifT(h) is compact, then 

s„(r(Vah)) = Sa(r(h)), Vn>l. 

Proof. Since 

P+Ra = RaP+ and RaWRa = W, 

the hrst assertion is a direct consequence of the dehnition fl2.18p of the Hankel 
operator H(u;) in R^(R). The second assertion immediately follows from the def¬ 
inition fl5.ll) . □ 
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6.4. Putting things together. Let the symbols <to(x) and (t^(x) be defined by 
relations fl6.4p and let 

L 

= u:o{x) + '^u}t{x), where uJq^x) = ho(To{x), lji{x) = hicr^{x - a^). 
£=1 

( 6 . 6 ) 

According to Theorem 16.51 and Lemma I6.6l il we have 

Sn(H(n;f)) = \hi\v{a)n~°‘ + o(n"“), n ^ oo, 

for all i = 0,1,..., L. It follows from Lemma 16.31 that G L°°(M) for all i = 
0,1,... ,L, ujq G C'°°(M) and G \ a^) for £ = 1,..., L. Since Oi,..., 

are distinct points, the localisation principle (Theorem 12.6p is applicable to the 
snm fl6.6l) . This yields 

L L 

lim nSn{H{u}i^)Y = ^ lim nSn{H{uje)y = v{aY'^\hi\P, p = 1/a. (6.7) 

i=0 £=0 

By definition fl6.6p . we have 


a)o(t) = boCTo(t) and = h(;^ooit)e i = 1,...,L. 

Therefore, according to formnlas fl6.3p and 06.51) . we have 
1 ^ 

yt) = boXo(^)^”^| logtr“ + ^b^Xoo(t)t”^| logt|""e"“^* =: ht,(t), t > 0. 




i=i 


In view of relation 05.2p it now follows from 06.7p that 

L 

lim nsn(r(h[,))^ = n(a)^^|b£|^. 

i=0 

Next, we consider the error term 

L 

g(t) = h(t) - hyt) = go(t) + ^g^(t)e"“^‘ 

e=i 

where all fnnctions giit), i = 0,1,..., L, satisfy the condition 05.5p both for t — )■ 0 
and t —>■ CX3. It follows from Theorem 16.11 and Lemma l6.6f iii that s„(H(g£)) = 
o(n“") and hence 

Sn(H(g)) = o(n“") as n ^ oo. (6.8) 

Since 

H(/i) = H(hO + H(g), 


we can use Lemma l2.ll with A = H(ht,) and B = H(g). The required relations 
05.6p . 05.7p follow from 06.7p and 06.8p . □ 
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7. Local singularities of the kernel 


The localization principle shows that the results on the asymptotics of singular 
values of different Hankel operators can be combined provided that the singular 
supports of their symbols are disjoint. This idea has already been illustrated by 
Theorems 13 . 1 1 and 15.11 Here we apply the same arguments to kernels h(t) satisfying 
condition fl5.3j) as t —)■ oo and singular at some point to > 0. Below l+(t) is the 
characteristic function of R+. 

The effect of local singularities of h(f) on the asymptotics of singular values of 
the corresponding Hankel operator r(h) was studied in [3] and later in [TB]. The 
methods of these papers are quite different. We use the following result obtained 

in [T3] . 


Lemma 7.1. Let to > 0, m E and 

aLm{t) = {to-t)'^l+{to-t). (7.1) 

Then Kerr(am) = L‘^{to, oo) and 

r(am) 1^2(0,to) = 

where the self-adjoint operator Am in L‘^{0,to) is defined by the differential expres¬ 
sion 

{AmU){t) = {-ir+^U^^+^\to-t) 
and the boundary conditions 

u(to) = ■ ■ ■ = = 0. (7.2) 

Note that the operator is given by the differential expression 

and the boundary conditions fl7.2p and 

u(rn+i)(o) = ... = u(2"^+^)(0) = 0. 

Thus Am is a regular differential operator and the asymptotics of its eigenval¬ 
ues is given by the Weyl formula. Therefore the following result is an immediate 
consequence of Lemma 17.11 

Corollary 7.2. Let the function SLm{t) be given by formula fl7.ip . Then 

Sn{T{am)) = m\t{f^^{7m)~""~^{l +0{n~^)), n ^ oo. (7.3) 

Notice that formula fl7.3p was obtained much earlier in |3] by a completely 
different method. 

We also note the explicit formula for the symbol Tm{x) of the operator r(am): 


Tm[x] = m\[ix 


i—m—1 f Uqx 




A:=0 


(7.4) 
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Obviously, r^, G and Tm{x) is an oscillating function as |a;| oo. 

We are now in a position to consider the general case. 

Theorem 7.3. Let to > 0, m G Zi_|_ and /3 G C. Set 

hm{t) = b(to - t)”'l+(to -t) + h(t) 

where h(t) satisfies the assumptions of Theorem 15.11 with bo = 0 and a = m + 1. 
Then the singular values of the operator r(hm) satisfy the asymptotic 

5„(r(h^)) = 1 (7.5) 

with 

L 

Cm = + , a = m + 1, 

i=i 

and v{a) defined by fll.l2p . 

Proof. It is almost the same as that of Theorem 15.11 Let us use notation fl7.ip . 
The asymptotics of the singular values of the operator r(am) is given by formula 
(17.311 . The operator r(h) satishes the assumptions of Theorem 15.11 so that the 
asymptotics of its eigenvalues is given by formula (15.6p . The symbol (17.4p of the 
operator r(am) is singular only at inhnity. Neglecting the terms satisfying the 
assumptions of Theorem ib.ll and using Lemma 1^751 we see that the singular support 
of the symbol of the operator r(h) consists of the points Oi, ..., G M. Therefore 
applying Theorem 12.61 we conclude the proof. □ 

Remark 7.4. We have chosen a = m + 1 in Theorem 17.31 since in this case both 
the local singularity and the “tail” of h{t) at inhnity contribute to the asymptotic 
coefficient in (17.511 . 

Observe that we have excluded the term (15.411 singular at f = 0 in Theorem 17.31 
because the corresponding symbol is singular at the same point a; = cxd as the 
function (17.411 . In this case one might expect that the contributions of singularities 
of h(f) at f = 0 and t = to > 0 are not independent of each other. In any case, our 
technique does not allow us to treat this situation. 

For the function (17. ip . let us discuss the operator r(am) in the representation 
that is, the operator 

= r{aj. 

Here am{j) are the Fourier coefficients of the function linked to Tm{x) by for¬ 

mula (12.2011 . Making the change of variables (I2.19p in (I7.4p . we see that Tm{p) is an 
oscillating function as ^ 1. Therefore the asymptotics of its Fourier coefficients 
am{j) is determined by the stationary phase method which yields: 

am{3) ~ m!7r-^/22-(2m+i)/4^.-(2m+5)/4 ^2 - 7r(2m + l)/4). 

Note that these sequences decay faster as j —)■ oo than the matrix elements (I3.8|l 
(for any a). Nevertheless due to the oscillating factor their contribution to the 
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asymptotics of singular values of the Hankel operator T{am + h) is of the same 
order. 
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